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ON THE NON-EXISTENCE OF SYMPATHETIC LIE
ALGEBRAS WITH DIMENSION LESS THAN 25

A. L. GARCIA-PULIDO' AND G. SALGADO?

ABSTRACT. In this article we investigate the question of the low-
est possible dimension that a sympathetic Lie algebra g can attain,
when its Levi subalgebra g;, is simple. We establish the structure
of the nilradical of a perfect Lie algebra g, as a gr-module, and
determine the possible Lie algebra structures that one such g ad-
mits. We prove that, as a gr-module, the nilradical must decom-
pose into at least 4 simple modules. We explicitly calculate the
semisimple derivations of a perfect Lie algebra g with Levi sub-
algebra gr, = sl3(C) and give necessary conditions for g to be a
sympathetic Lie algebra in terms of these semisimple derivations.
We show that there is no sympathetic Lie algebra of dimension
lower than 15, independently of the nilradical’s decomposition. If
the nilradical has 4 simple modules, we show that a sympathetic
Lie algebra has dimension greater or equal than 25.

1. INTRODUCTION

A Lie algebra g is sympathetic if its centre is trivial, if g is perfect and
if g has no outer derivations; that is,

(1) Z(g) =0,

(2) g9=1g,9]

(3) Der(g) = ad(g).
It is well known that any semisimple Lie algebra satisfies properties (),
@) and (B]). Sympathetic Lie algebras were introduced to determine
if properties (), (2) and (@) completely characterise semisimple Lie
algebras. In [I] the first non semisimple Lie algebra satisfying the
above properties appears; it has dimension 35. This was followed by
an example in dimension 48 [2], where the term sympathetic was first
used. The lowest known dimension of a sympathetic Lie algebra is
25 and can be found in [3]. This algebra has much smaller dimension
that the previous examples due to the careful construction with Levi
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subalgebra equal to sly(C), which is the lowest dimensional simple Lie
algebra.

In [3] and [2], Benayadi develops theory describing structural properties
of sympathetic Lie algebras. However, the existing results do not lead
to a classification, or even showing existence, of these algebras in low
dimensions. Indeed, the non-existence of sympathetic Lie algebras of
dimensions less than 10 is attributed to J. Simon in [3] and it remains
an open problem to determine if 25 is the smallest dimension possible
in a sympathetic Lie algebra. The lack of progress could be due to two
factors. Little was known of the classification of Lie algebras at that
time and the available computational resources and power were very
limited.

In this paper we give a solution to the problem of dimension minimality
of sympathetic Lie algebras which are not semisimple. To do this, we
restrict our attention to the class of algebras whose Levi factor is a
simple Lie algebra.

By taking full advantage of the representation theory of simple Lie
algebras, we find very precise necessary conditions that a Lie algebra
g = gr X Rad(g) must satisfy in order to be sympathetic. In Corol-
lary B.I0, Theorem BI2] we show that if g is perfect and Rad(g) de-
composes into 1, 2 or 3 simple gr-modules, then g is not sympathetic.
Then Rad(g) must decompose into at least 4 simple g;-modules.

This condition completely characterises sympathetic Lie algebras where
Rad(g) decomposes into 4 representations. In Theorem B.14] we show
that, up to isomorphism, there are only 6 possible algebra structures.
We are therefore able to determine that the smallest possible dimen-
sion such a sympathetic Lie algebra can have is 25, see Theorem [3.321
Moreover, we show there is only one such algebra in dimension 25 and
it is the example given in [3]. The proof of the non-existence in dimen-
sions smaller than 10 follows easily from our results. These results are
independent of the choice of simple Levi subalgebra.

We now describe the techniques used to prove our main theorems. We
make systematic use of each of the properties that define a sympathetic
Lie algebra g = grxRad(g) to derive necessary conditions on its algebra
structure. Recall that Rad(g) admits a gz-module structure induced
by the Lie bracket and therefore can be decomposed into a direct sum
of simple g;-modules.

A crucial point of our argument is to use the fact that the product
between any two simple gr-modules V, W is completely determined by
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bilinear gr-equivariant morphisms V ® W — U, where U is one of
the simple gy -modules appearing in the decomposition of Rad(g). In
other words, the multiplication is completely determined by the spaces
Homyg, (V ® W,U), where V, W, U are simple g;-modules appearing in
the decomposition of Rad(g). In addition, the nilpotency of Rad(g)
enables us to derive a general form of the multiplicative structure of
Rad(g). This process further highlights how, when working under the
assumption that g is sympathetic, one would construct such an algebra.

Combining the above multiplicative structure and Clebsh-Gordan-type
theorems for simple g;-modules, we obtain explicit forms of the possible
multiplication tables in terms of the number of simple g;-modules in
the decomposition of Rad(g). The final step is to verify the (non)
existence of sympathetic Lie algebras with this explicit multiplication
tables in the case of at most 4 modules.

The outline of the paper is as follows. For completeness, we begin
Section 2 with preliminary notions of classical Lie algebras. In Section
3, we prove our main theorem Theorem 3.1} if g is a sympathetic Lie
algebra such that its Levi subalgebra g; is simple and its nilradical
decomposes into four simple g;-modules, then dimg(g) > 25. From
this point, we work with Lie algebras which Levi subalgebra is simple.
In Section B.1l we show that the nilradical of any sympathetic Lie
algebra decomposes into at least four simple modules and determine
the possible multiplicative structures for this case Theorem [3.14l In
Section [3.2] and Section 3.3 we investigate whether any of these possible
algebras are sympathetic Lie algebras. For part of this analysis, we
designed algorithms that enable us to do explicit calculations to this
end. In Section 4, we include these algorithms and show in a concrete
example how to put to practice our theoretical results and use our
algorithms. An implementation of our algorithms can be found in
https://github.com/winsyl7/Sympathetic_Lie_Algebras.

2. PRELIMINARIES

Throughout this article we only consider finite dimensional vector spaces
over C.

Definition 2.1. A Lie algebra g, is a vector space together with a
bilinear map [,]| : g X g — g satisfying:

(1) [z,y] = —[y, z] for every z,y € g,
(2) [z, [y, 2]] + [y, [z, z]] + [z, [z, y]] = O for every z,y,z € g.
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Equation (2) is known as the Jacobi identity. Notice that (1)) is equiv-
alent to [z, x] = 0 for every z € g.

One of the typical examples of a Lie algebra is the following. Consider
a vector space V and the associative algebra of endomorphims of V'
denoted by End¢ (V). Define the commutator on Endc(V), by [T, S] :=
ToS—SoT for every T, S € End¢ (V). The resulting Lie algebra is
denoted by gl(V') and called the general linear algebra associated to V.

Let g and b be two Lie algebras. A Lie algebra homomorphism, is a
linear transformation p: g — b such that p([z,y]y) = [p(x), p(y)]s. An
isomorphism of Lie algebras is a bijective homomorphism. A [linear
representation of a Lie algebra g on a vector space V is a Lie algebra
homomorphism p: g — gl(V).

Let a: g — gl(U) and B: g — gl(W) be two linear representations of
g on U and W, respectively. The space of equivariant homomorphisms

from U to W is
Homy (U, W) :={T € Homc(U,W) | Toa(z) = f(z)o T, x € g}.

We can induce a new representation a ® 3 from g on U ® W defined
by (a® f)(x)(u ®@ w) := a(x)(u) ® w+ u & f(x)(w) for every = € g,
u € U and w € W. This representation is the tensor product of o and

B.

Given any Lie algebra g the Lie bracket induces a natural linear rep-
resentation ad : g — gl(g) defined by ad,(y) := [z,y] for any z,y € g.
We call this representation the adjoint representation. Notice that
Ker(ad) = Z(g) = {z € g | [x,4] = 0,Vy € g}.

A derivation on g is a linear transformation D: g — g which satisfies
the Leibniz rule with respect to the Lie bracket, D([z,y]) = [Dx,y] +
[z, Dy], for every x,y € g.

Lemma 2.2. Let g be a Lie algebra. The following statements are
equivalent.

(1) D is a derivation in g,
(2) D(lei,ej]) = [De;, e;] + [es, Dej| for every e;, e; € B,
(3) [D,ad(e;)] —ad(De;) =0 for every e; € f3.

Where 5 = {e1,...,en} is a basis of g.
Remark 2.3. Item[3 shows that obtaining a basis for the vector space

Der(g) = {D € End(g) | D([x,y]) = [Dx,y] + [z, Dy]} is equivalent to
finding the solutions of a homogeneous system of linear equations.
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Given a linear representation of g on V' p : g — gl(V), we say that a
subspace W C V' is invariant if p(z)W C W for any x € g. The trivial
subspaces {0} and V' are invariant subspaces. We call a representation
p: g — gl(V) drreducible if the only invariant subspaces of V' are the
trivial ones. We say that the representation is completely reducible if

every invariant subspace W admits an invariant complement U such
that V =W @ U.

From now on, we say that V is a g-module if there exists a linear
representation p : g — gl(V). We will say that the g-module V is
simple if p is an irreducible representation and, semisimple, if p is
completely reducible.

The very well known classification of simple Lie algebras over C is given
as follows.

Theorem 2.4 (See [5], [6], [7]). If g is a finite dimensional simple
Lie algebra over C, then g is isomorphic to one of the following Lie
algebras.
1) A, :=slln+1),n>1,

B, =s02n+1), n>2,

Cp :=sp(2n), n > 3,

D, :=s0(2n), n > 4,

The corresponding dimensions in each case are given by

(1) dim(sl(n + 1)) = n® + 2n,
(2) dim(so(2n + 1)) = 2n* + n,
(3) dim(sp(2n)) = 2n® + n,

(4) dim(so(2n)) = 2n* —n,

(5) dim(FEg) = T8,

(6) dim(F7) = 133,

(7) dim(Eg) = 248,

(8) dim(Fy) = 52,

(9) dim(G) = 14.

The only existing isomorphisms between semisimple Lie algebras are
the following.
Ay~ By ~C ~ Dy,
BQZCQ, DQZA:[@AQ, A32D3

Theorem 2.5 (Weyl). Let g be a semisimple Lie algebra. Then, any
finitely dimensional linear representation of g is completely reducible.
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Theorem 2.6 (Schur’s Lemma). Let g be a Lie algebra and let
pv:g—gl(V)  and  pw:g— gl(W)

be two irreducible representations. Let T € Home(V, W) be such that

Topy =pwoT.

(1) If pv % pw then T =0,

3. MAIN THEOREM

We divide this section in two parts. In the first part we assume that
g = g X Rad(g) is a Lie algebra such that its Levi subalgebra g
is simple and its radical Rad(g) is nilpotent. We show that, if g is
sympathetic, the decomposition of Rad(g) into simple g;-modules must
contain at least four non-trivial modules.

In the second part, we fix a simple Lie algebra g7, and determine all the
possible multiplicative structures that a sympathetic Lie algebra g can
have assuming that Rad(g) decomposes into four simple gr-modules.
These possible Lie brackets significantly reduce the candidate sympa-
thetic Lie algebras. We verify if any of the remaining candidates is a
sympathetic Lie algebra.

The main result of this work is the following.

Theorem 3.1 (Main Theorem). Let g be a sympathetic Lie algebra
with simple Levi subalgebra gr, then dimc g > 25.

From now on, we will only consider Lie algebras g with a simple Levi
subalgebra g; and we will denote the radical Rad(g) by h. By The-
orem [2.5, h can be decomposed, with respect to the g-action on b
induced by the Lie bracket, into a sum of simple g;-modules:

h=Vo @D Vp,.
Denote by s(g) := k to the number of simple g;-modules in the decom-

position of h. Throughout this work we denote by V,,. to the irreducible
representation of g; with highest weight n;.

Now assume that g is perfect. It is well known that if g is perfect
then Rad(g) is nilpotent (see [6] (Chapter 3, Section 9 Corollary 2))
and therefore Rad(g) = NilRad(g). Since b is a nilpotent subalgebra,
0# Z(h) C hand Z(h) inherits a decomposition as a gr-submodule of
b:

Z(h) =V, ®--- 8V,

where {z1,...,2,} C{ny,...,ng}.
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Proposition 3.2. Let g = g X b be a Lie algebra with simple Levi
subalgebra gr,. Given the decomposition b =V, @ --- DV, into simple
gr-modules, then

(1) dim(V,,) = 1 if, and only if, [gr, Va,] =0,

(2) if dim(V,,,) > 1, then [gr, Va,] = Va,,

(3) if [Va,, Vi, # O, then there exists a gr-module V,,,, 1 < p <k,
such that V,, C V,, @ Vi,.; and a unique gr-equivariant mor-
phism I} ;: V,, @V, — Vi, such that m,([Va,,, Vi, 1) = 15 ;(Vay, V),
where Ty V,, ® Vo, = Vi, 18 the natural projection to V, . If
i=j, then V,, C A*(V,,) and T is skew-symmetric.

Proof. The proof of Item [Il and Item 2l is straightforward.

The fact that any triple x € V,,,, y € V,,;, 2 € g satisfies the Jacobi
identity is equivalent to the existence of a g -equivariant morphism
[]: Vo, ® Vi, = b. As a gr-module, there is a decomposition

Vi @ Vo, = Vi @ -+ @ Vi

By Schur’s lemma, {m1,...,mi}N{ny,...,np} = 0 implies [V,,,,V},.] =
0. [

Corollary 3.3. Let ¢ = gr X b be a Lie algebra with simple Levi
subalgebra gr,. Given the decomposition h =V, & --- @V, into sim-
ple gr-modules, if [V, Vo] # 0, then there exist simple gr-modules
Vings o3 Vin, C Vo, @ Vi, and unique gr,-equivariant morphisms I'; ;
Vi, @ Vi, = Vi, such that

[vavnj] :vml @@vmrv and [xuy] :er,j(xuy)u
s=1

Jor every x € V.., y € Vi, In the case when i = j, Vi, ..., Vi, C
A%(V,.) and we have a skew-symmetric gr-equivariant morphism T¢ :
Vi, @ Vi, = Vi,

Remark 3.4. Given g = g1 X b, the Lie algebra structure of b 1is
uniquely determined by a collection of gr-equivariant morphisms, when
considering b as a gr-module. Conversely, in order to construct a Lie
algebra by from a gr-module, one first needs to determine the possible
equivariant morphisms which define an algebra structure on by. In fact,
any scalar multiple of such morphisms defines a multiplicative structure
on b. Therefore, by is a Lie algebra when there exist an appropriate
choice of multiples for which the Jacobi identity holds.
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Proposition 3.5. Let g = g, X b be a finite dimensional sympathetic
Lie algebra with simple Levi subalgebra g. Suppose D: g — g is a
derivation such that D|y, = 0 and Dly, = Ay, Idy, for any simple
g.-module in the decomposition of . Then D is an inner derivation
of g if, and only if, D|, = 0.

Proof. Let D be an inner derivation. Write D as the sum of its semisim-
ple and nilpotent parts D = ady(s + h) for some s € g, and h € h. By
definition of D, for any y € gy,

0=D(y)=[s+h,y] = [s,9] + [h,y].

Since [s,y] € g1 and [h,y] € b, this implies [s,y] = 0 and [h,y| = 0 for
every y € gr. Thus s € Z(gr) and hence s = 0 because g, is a simple
Lie algebra. Consequently, D is nilpotent and this implies A,, = 0 for
every i. The converse is straightforward.

O

Proposition 3.6. Let g = slo(C)x b be a finite dimensional Lie algebra
and Vi, V,, Vi simple sly(C)-modules in the decomposition of b such
that [Vin, Vplg = Vi, or [Vp, Vplg = V. For any semisimple derivation
D € Der(g) there exist X\, a, B,y € F such that

a+pf—-—y=AXm+p—k), or
28—y =X2p—k).
Proof. Since sly(C) is a subalgebra of g, there exists A € F such that
D|s[2((C) = A ads[z((c)(H)'

Suppose that V,,, = (e;), V, = (fi) and Vi = (g;), where the basis
for V,,,, V, and V}, are as in Proposition [3.19] Since D is a semisimple
derivation, we assume without loss of generality that D is of the form

D(e;) = aieis,  D(fi) = Bifi, D(gi) = vigi-
Given any element e; € V,,, we have
D([Ea el]) = ai—l[Ea ei]a

and
[DE,e;] + [E, De;] = 2)\[E, e;] + 4| E, ;]

= 2\ + @)[F, €].
Using the fact that D is a derivation we obtain
i1 = 2X + ;.
Equivalently,
[D

v..) = Diag(ap, ap — 2, - -+, ag — m(2X)).



ON THE NON-EXISTENCE OF SYMPATHETIC LIE ALGEBRAS 9

Analogously,
[Dlv,] = Diag(Bo, Bo — 2, - -+, Bo — p(2)))
[D|Vk] - Diag(’yOa Yo — 2)\a % — k(2)\))

Set a = o, B = fp and v = 5. Notice that the product [V,,, V,], =
Vj. is completely determined by an sly(C)-equivariant morphism which
leaves weights invariant. In consequence, if

(1) les, fi] = Cijqiy), Cij €T,

then e; ® f; € Vi, ®V,, and g3 5y € Vi have equal weights for every 1, j.
A direct calculation shows that (i, j) =i+j — 1(m+p—k). Applying
D to both sides of Equation ([{l) and using the previous expression for
l(i,7), we can conclude that

a+pf—y=AXm+p-—k).
Similarly, when m = p one obtains
28—y =A2p—k).
O

Remark 3.7. Let g = gr X b be a Lie algebra with simple Levi subal-
gebra gr,. Recall that g is a sympathetic Lie algebra if g does not admit
any outer derivations. We use Proposition and Proposition as
criteria to show the existence of outer derivations for certain Lie al-
gebras g as follows. When g = sly(C), Proposition enable us to
describe semisimple derivations in terms of a system of homogenous
linear equations, which we use to construct outer derivations. When
g1 # sl(C), we construct outer derivations of the form described in
Proposition (3.

Remark 3.8. Solving the system from Proposition[3.4 requires solving
a homogenous system of at most k equations with k + 1 unknowns,
where s(g) = k. This has a huge computational advantage to calculating
directly Der(g), which requires solving a system of (dimc g)? equations,
fordimcg=ny+---+np+k+ 3.

Proposition 3.9. Let g = g, X b be a perfect Lie algebra such that its
Levi subalgebra gy, is simple and [h,b] C Z(h). Then g is not sympa-
thetic.

Proof. As gr-modules, b, [, h] and Z(h) are completely reducible. This
implies that there exists a gr-submodule V such that h =V & Z(b).
Define D: g — g by

1
D|9L =0, D|Z(h) :IdZ(h), D|V = §Idv
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A straightforward calculation shows that D is a derivation and by
Proposition [3.5] D is an outer derivation. O

3.1. The radical of a sympathetic Lie algebra.

3.1.1. Case s(g) =1, 2.

Corollary 3.10. Let g = g1, X b be a perfect Lie algebra with simple
Levi subalgebra g, is simple. If s(g) = 1,2, then g is not sympathetic.

Proof. 1f s(g) = 1,2, then [h,h] C Z(h) and Proposition implies
that g fails to be sympathetic. O

3.1.2. Case s(g) = 3.

Convention 3.11. From now on, we assume that if [V,,,,V,,.] # 0,
there exists a unique p, 1 < p < k, such that [V,,,,V,,,] = V,,,. Under
this convention we will prove that if s(g) < 4, then Z(b) is a simple
gr-module. For simplicity, we assume that Z(h) is a simple gr-module
whenever s(g) > 5.

In this subsection we show the following

Theorem 3.12. Suppose that g = gr, X b is a Lie algebra, with simple
Levi subalgebra gr,, satisfying [g,9] = ¢, Z(g) =0 and s(g) = 3. Then
g 1s not sympathetic.

Proof. We determine the multiplication table for b using that b is nilpo-
tent. Suppose that h =V, &V, @ Vj. Since b is a nilpotent subalgebra,
Z(h) = Vi ® V, ® Vi or Z(h) = V, @ Vi imply [h,b] C Z(b) and, by
Proposition [3.9] the conclusion of Theorem [3.12] holds.

Assume that Z(h) = V, and notice that h? = [h,h] # h. Now, by
Proposition if B2 = Z(h) = V, then g is not sympathetic. As a
result, h? must be equal to exactly two simple gr-modules

b>=[h,h]=V,® Vi, and b® =V, = Z(h).

The first equation implies that [V}, V,,] = V], whereas the second im-
plies that [V},, V,] = Vi. From this follows,
0= [V7m [Vﬂ"w V;,]] + [Vm’ [V;,, Vm}] + [Vp’ [V7m Vm}]
= [Vm, vk] + [va Vk] + [va VED]
= [Vp, V-
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Therefore the only possible multiplication is given by

[7 ] Vin Vp Vi
Vi | Vo | Vi | O
Vol V| 010
Vil O10]0

Notice that, by Proposition 3.5 the derivation D|,, = 0, Dl|y,, =
11d|v,,, Dly, = Id|y, and D|y, = 21d |y, is an outer derivation. O

3.1.3. Case s(g) = 4. A consequence of Theorem .12 is the following.
Theorem 3.13. If g is a sympathetic Lie algebra, then s(g) > 4.

Now we are interested in determining all the possible multiplicative
structures of nilpotent Lie algebras b in the case when s(g) = 4, i.e.

Theorem 3.14. Suppose that g = gr, X b is a perfect Lie algebra with
simple Levi subalgebra g, h =V, &V, &V, ® Vi and Z(h) = V). The
algebra structure of b is completely determined by one of the following

(1) [b,b] = Z(h) or,
(2) if [h,b] = V,, &V, @ Vi, then

Vo [V [ V, (Vi[O
Vo |V, [Vi/O[ 0 [0
V,IVil 0 [0]0
Vil O 0 010

(3) orif[h,b] =V, @V, then

LI Ve Vin |V | Vi
Vo | Vp/Vi/O| Vp [ Vi| O
V| V, | V/Vi/O[Vi| 0
V, | Vi Vi |0]0
V| O 0 _J0]o0

<

o o| ol IS
o|lo|o|ol

=
=
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Vol Ve O | V| O
Vil O [ V& ] 0] 0
V.V 0 0|0
Vi O] 01010
Vo |l Vel Vie [ Vi] O
V. Ve [ Vi/OT 0|0
V,IVil 0 [0]0
Vi | O 0 010

Proof. Suppose that [h, h] # Z(h). Since g is perfect, b is nilpotent and
therefore

h2[h.b] =020 2.
As a consequence, [h, h] must be the sum of at most 3 simple modules
and, by hypothesis, [h, h] can only contain 2 or 3 simple modules.

1) First suppose that b2 =V, @V, ®V, and > =V, d V, v h* =
p P
Vi = Z(b).

From
VmC[]Z, Vm¢h3:%@vk
follows that [V, V,,] = V,,. Using that

b0 =Vh@ Vi, @V, Viua V] =V, ® Vi
together with
[0,6°] = [Va @ Vi @V}, V] = Vi = Z(b)
we conclude that
V,, 5% =0 and [V,,V,] =V
Hence the possible multiplicative structure of § is described in the

following table.

Vi Vin Vo/Ve/O | Vi | O
Vi | Vo /Ve/O | V,,/Vi/O ] 0 | O
v, W 0 |00
Vi 0 0 010

(1.a) Assume that [V},, V] = V,. Then
0= [Vm> [Vm Vm]] + [an [va Vm]] + [va [va Vn“ = [an [va VMH



ON THE NON-EXISTENCE OF SYMPATHETIC LIE ALGEBRAS 13

and thus [V, Vin] € V. In this case, the possible multiplication table
is given by

—|
—

OS*@<§S
o 05,55
S

o|o| o| IS
o|lo|o|lol=

SSRE

(1.b) By a similar argument to the previous case, if [V,,, V,,] = V4, then
Vi, Vin] = Vi /0.

—|
—

Vil Vie | V| O
V. [Vi/0] 00
Vi | O 010
0 0 010

SSRE

However, this is impossible as we are assuming h? decomposes into 3
simple modules.

(1.c) Now suppose that [V;,, V,,] = 0. In this case the possible multi-
plication table is

Vi | Vin 0 Vi1 O
V| 0 [V,/Vi/O| 0|0
VIVel 0 |00
Vil O 0 010

Since we are assuming that h2 =V, @ V, ® Vi, we have [V,,, V] = V.

Therefore
= [Vm [Vm’ an =Vi = Z(h)a
and, in consequence, this case is impossible.
(2) Now suppose that h? = V,,@®V}. Since b is nilpotent and V}, # Z(b),
we have [h, V,] # V},,0 and therefore
b3 = [b7 bQ] = [b7 ‘/p] = Vk

Hence we may assume [V,,, V,] =V}, without loss of generality.
Since V,, C [h,b], V, = [V, W] for some V. W =V, V..

0 = [V, [V, W)+ V. (W, V) + (W, [V, VI = [V, V).
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In summary, the possible multiplication table of b is of the form,

[v] Vn Vm V;) Vk
V, [ V,/Vi/O |V, JVi/O| Vi | O
Vi | Vo /Vie/0 | V,,/Vi/O | Vi:/O | O
v, [ Vi Ve/O [ 0 |0
Vi 0 0 0 0

(2.a) Suppose that [V,,,, V,] = V. In this case we have that [V,,,V,,] =
V,. Otherwise, [V, V;,] = Vi /0 implies

and
0= [[Vin, Val, Vil + [[Va, Vinl, Vinl + [[Vin, Vinl, Vil = [[Vin, Vinl, Vil
Hence [V,, & V,,, Vi, ® V] C Vi, contradicting the fact V, C [V, &

Vi, Vo ® V.
In this case, the multiplication table is

LI Ve Vi |V | Vi
Vo [V/Vi/0  V, [Vi| 0
V| Vo |V/Vi/O[Vi| 0
V, | Wi Vi |0]0
V| O 0 _J0Jo0

(2.b) Now suppose that [V,,,, V,] = 0. Then

0

[Vins V], Vin] £ [V, Vinl, Vin + [[Vin, Vi, Vil
= [[Vin, Vi), Vi)

This implies that [V,,,Vi,] = V4/0. Since V, C [h,b], either V, =
Vi, Vin] or V,, = [V,, V,,]. In the first case, the following possible multi-
plication table is given by

L) Vo [V [V Vi
V. [ V,JViJ0 [ V, [Vi| 0
Vol V, |Vi/0]0]0
A ETA 0 |00
V| 0 0 |00
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If V, # [Vin, Vo], then using the fact that V,, # Z(h), we obtain two
possible multiplicative structures

Vol Ve O | V| O
Vil 01 Ve 010
V., Vilofolo
Ve O] 0100

Vo | Vol Vie [Vie] O
Vo [ Ve [Vi/0l 0 |0
V, [ Vi 0 [0]0
Vi | O 0 010

O

Corollary 3.15. Let g = g1 X b be a perfect Lie with simple Leuvi
subalgebra gr, and such that h =V, & V,, &V, & Vi, Z(h) = Vi. If
[5,b] =V, @V, ® Vi, then g admits semisimple outer derivations.

Proof. By Proposition [3.5] any derivation of the form

A A
D|9L = 0, D|Vn = Z Ian, D|Vm = 5 Ide,
3\
Dly, = ZIde, Dly, = Ady,,
with A # 0 is an outer derivation. O

Corollary 3.16. Let g = g;, X b be a perfect Lie such that h =V, ®
Vin®V,® Vi, Z(h) = Vi and [h,h] =V, & V. Then g has semisimple
outer derivations, if the multiplicative structure of b is isomorphic to
one of the following.

(1)

LI Vo [ Vi (V| Vi
Vo [ V,/0 V, [Vi| O
Vel V, [ V,/0| V3| O
Vo | Vi Vi 1010
Vil O 0 00
(2)
Vo | Vo /Ve/O |V, [ Vi | O
Vol V, |0 |00
Vv, V. 0|00
Vi 0 010]0
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LIV | Vi | Vo | Vi
V, [V, 0 [Vi]0
Vo | O [VelO O
V, [ Ve[ 0]0]0
Vi |0J 000
(4)
LIV | Vi [ Vo | Vi
Vo IV, [ Vi [ Vi ] O
Vo [Ve |0 O[O
V,[Vi[0 00
Ve [OJO0[0[0

Proof. To show the existence of outer derivations, we now define deriva-
tions satisfying Proposition [3.5lin each of the above cases. As in Propo-
sition 3.5, we will take D[y, = 0 in each of the cases.

For the first case consider

A 3\
Dlv,ev,, = 5 Idv, ev,., D|v, = Aldy,, Dly, = > Idy,

with A # 0. In the second case, define D as before if [V, V,] = V.
Otherwise, set

A

Dlv,, =0, Dlvev, = ) Idv,ev,,  Dly, = Aldy,
with A # 0. For the third case define
A 3\ 3\
'D|Vn = EIanu D|Vm :IIann D‘Vp:)‘Ide D‘Vk :?Ide

with A # 0. Finally, set

A 3
D|Vn - 5 Idv"’ D|Vm€9vp = )\IdeEBVp D|Vk - 7 Ide

with A # 0 for the fourth case. O

Proposition 3.17. Suppose that g = gr X b is a Lie algebra with simple
Levi subalgebra g;, such thath =V, ®V,, @V, ®Vy, as a g-module. If
g is sympathetic, then there exist two gr-modules, say V, and Vj, such
that [h,h] =V, ® Vi and Z(h) = Vi. Moreover, up to isomorphism,
the multiplicative structure of b must be given by one of the 6 following
tables.
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(1)

LIV | Vi [ Vo [ Vi
V, [V, TV, TVi| 0
Vo [V, Vi [V [0
Vo Vil Ve |00
V. [0[0]0]0
(2)
LIV | Vi [ Vo [ Vi
V. Ve[V, [V [0
V. [ V,T0 (Vi[O
Vo Vil V|00
V. [0[0]0]0
(3)
LIV | Vin [ Vo [ Vi
V. Ve[V, (Vi [0
Vo [V, Vi [V [0
Vo Vi V|00
Vi [0[0]0]0
(4)
LIV | Vin [ Vo [ Vi
V., [V, TV, Vi 0
Vo [V, [V |00
V,{Vif0o |00
Vi [0[0]0]0
(5)
LIV | Vin | Vo [ Vi
V. [ Vi [V, [Vi| 0
Vo [V, [V |00
V,{Vil0o]0]0
Vi [0[0]0]0
(6)
LIV | Vin [ Vo [ Vi
V. [V, [ Vi [V | 0
Vo (Ve[ Ve |0 [0
V,[Vil0 ][00
Vi [0[0]0]0

Proof. First notice that if Z(h) = b or if Z(h) = V,, @V, @ Vi, then
[h,b] € Z(h) and by Proposition g is not sympathetic. If Z(h) =
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V, @ Vi, then similar arguments to those in Theorem [3.12] show that g
is not sympathetic.

Since g is sympathetic, then g is perfect and therefore the Lie alge-
bra structure of b is one of the multiplications given in Theorem [3.141
Proposition implies that, either [h,h] =V, & Vi, or [h,h] =V, &
V, @ Vi. Given that g does not contain any outer derivations, Corol-
lary B.I5limplies that [h, h] = V,,@ V. For the same reason, the possible
multiplicative structures of hj in Theorem B.I4] (Item 3) must exclude
those listed in Corollary O

3.2. Sympathetic Lie algebras with simple Levi subalgebra
ar 7é 5[2(@)

Theorem 3.18. Suppose that g = gr, X b is a sympathetic Lie algebra
with simple Levi subalgebra g1, g1, # slo(C) and b does not contain any
trivial gr-modules. Then dim(g) > 25.

Proof. In this proof we use several standard results from representa-
tion theory, which can be found for example in [4]. A simple cal-
culation shows that, if g, # sl3(C),sl,(C),s0(5), then dim(g) > 21.
By Theorem B.13] the decomposition of b into simple g;-modules has
at least 4 modules. By Proposition B.2] since h does not contain
any trivial modules, we obtain a lower bound dim(h) > 8. Hence,
dim(g) > 21 + 8 = 29, as required.

Next we prove the statement for the 3 remaining cases. First suppose
that g = sl4(C),s0(5). In this case, dim(gz) = 15 and any non trivial
simple gr-module has dimension at least 4. Using Theorem we
get a bound on the dimension of g,

dim(g) > 15+4-4 = 31.

Finally, suppose that g;, = sl3(C). Let V{4, 4,) denote the simple sl3(C)-
module of highest weight (ai,as). It is a standard result that

1
dim(V{q, a0)) = §(a1 + 1)(ag + 1)(a1 + as + 2).

Notice that V(g 1) and V(; ) are the non-trivial simple gr-modules with
lowest dimension and dim(V(10y) = dim(V{o1)) = 3. We show that if
the gr-module decomposition of b is of the form h = V(’LO) @V(f),l)’ then
g cannot be a sympathetic Lie algebra. Assume h = V(Ti,o) &) V(fm) as
gr-modules, and set b 9) = V(’i’o) and h,1) = V(fm)-
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From the tensor product decompositions
Vi) @ Vo) = Vie,o) @ Vo)
Vio,1) @ Vi) = Vio2) @ Viv,o)
Vo) @ Vi) = Vi @ Vioo)s

we see that

B0, b0l Cboys  [bao:boyl =0, (o), bl C bao-
For any two simple modules A, B C b, [A,B] = C # 0 if, and only
if, A,B C bu or A,B C bp). Let A, B C b be simple modules
satisfying [A, B] = C' # 0 and suppose, without loss of generality, that
A, B C b and thus C' € bgqy. Since [B,D] = [A, D] = 0 for any
D € b,1), we have

0=[[A4, B], D]+ [[B, D], Al + [[D, 4], B] = [C, D].

Therefore C' C Z(h) and, more generally, we have [h,h] C Z(h). By
Proposition 3.9 g is not a sympathetic Lie algebra. As a consequence
of this, h must contain at least one simple g;-module with dimension
strictly greater than 3. The smallest possible such simple modules are
‘/(1’1), ‘/(2’0) and ‘/(0’2) with dlm(‘/(Ll)) = dlm(‘/(o’Q)) = dlm(‘/(zo)) = 0.
Using this and Theorem [3.13 we obtain a lower bound

dim(g) = dim(g) + dim(h) > 8+3 -3+ 6 = 23.

In particular, if s(g) > 5 and g is a sympathetic Lie algebra, then
dim(g) > 25. Hence a Lie algebra g with dim(g) < 25 is sympathetic
if, and only if, h decomposes exactly into 4 simple modules: one of
dimension 6, and three of dimension 3. We will show that g cannot
have this structure.

We will only prove the case where V/(; ;) is contained in the decomposi-
tion of b, as the other cases are similar. Recall that the algebra struc-
ture of b is one of the multiplications determined in Proposition B.17
We use the following decompositions of tensor products

Vi, @ Vi = Vige) @ Vizo) @ Vies) @ Vi)
Vi @ Vi) = Vign) © Vo) © Vo),
‘/(171) ® ‘/(071) = ‘/(172) @ ‘/(071) @ ‘/(270)'
Notice that
Vo) € Vi) ® Vi, Vo) € Vi) ® Vi,

implies [V(11), V(1,1)] = 0. Therefore, if the multiplicative structure of
b is isomorphic that of tables 1,3-6, then V(1 1) =V}, Vi; and V(1) =
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Vi, Vp, Vi otherwise. The fact that
Vi, € Vi) @ Viwo, Vi, € Vo) @ Vi,

implies V11 # [Vio,1), Vo] and Vi1 1y # [Vi1,0), Vir,0)]- In consequence,
Vi) # Vi and the algebra structure of b cannot be isomorphic to
tables 1,3,4,6. In tables 2 and 5, Vj11y = V,, = [V,,,V,,] implies that
Vn % Vm If Vn = ‘/(1,0) then [Vn, ‘/p] = [‘/(170), ‘/(1’1)] = Vk 1mphes Vk =
Vi1,0. However Vi, = [V,,, V},] but this contradicts V{1,0y € Vi1,0) ® V1,0
Similarly, ‘/(171) §£ Vm

=

O

~—

3.3. Sympathetic Lie algebras with Levi subalgebra g; = sl,(C
For completeness, we begin this subsection with standard results of the
representation theory of sly(C).

3.3.1. Irreducible representations of sly(C). Let
sl(C) = {A € Mat(2 x 2,C) | Tr(A) =0}
and let
{H=(5%),E=(85).F=(08)}
be a basis of slo(C). Notice that sly(C) is a simple Lie algebra equipped
with the commutator [,]. Moreover, this choice of basis satisfies

[H,E)=2E, [H F|=-2F, [E F]=H.

Denote by V;, to the n+1 dimensional vector space with basis {eg, €1, ..., e, }.
Set e_y := e,y1 = 0. We now recall classical results, which can be
found in [4], [5], [6] or [7].
Proposition 3.19. Let n € N and p,, : 5lo(C) — gl(V},) be the linear
representation given by
o pu(H)(e) = (n— 2i)es,
® pa(F)(e;) = €it1,
[} pn(E)(e,) = Z(?’L +1-— z')ei_l,
for every 0 < i <n. Then
(1) py is an irreducible representation of sly(C),
(2) if p:sla(C) — gl(V) is an irreducible representation of sly(C)
with dim' V' > 1, then there exists n € N such that V =1V,
We will write Vy = C and py : slh(C) — gl(Vf) for the trivial represen-
tation pg(x) = 0 for every z € sly(C).

Given any finite dimensional linear representation p : sly(C) — gl(V)
of sl5(C) there is a unique decomposition

V=V,® - dV,,.
with dime¢ V' = (ny + 1) 4+ - - - + (ng + 1) for some ny < ny <
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Theorem 3.20 (Clebsh-Gordan). For any n > m,

(2) VTL X vm = @ Vn+m—2i =~ Vn—l—m S Vn+m—2 S Vn+m—4 ®---D Vn—m-

i=0
Corollary 3.21. For n =m,
(1) A2Vn >~ @E(:nl-i-l)/ﬂ ‘/Y(2n+2)—4i;
(2) 5°Vu = @0 Von-sy.
(3) V, @ V,, = A%V, @ S?V,.

Given a Lie algebra g with Levi decomposition g = sl,(C) x h and an
sly(C)-module decomposition h =V, & --- &V, , we define

ho = &y V., b= P V..

{ni| n=0 mod 2} {ni| n;=1 mod 2}
We show that the product in b is Zy-graded:

Lemma 3.22. Let g be a Lie algebra, with Levi decomposition given
by g = sl,(C) x h and h = h° D bt. Then b° is a subalgebra of b and
(65,6 € b° and [b',6°] C b'. In particular, if [V,,, Vo] = Vi, then
n; +mn; =mn; mod 2.

Proof. By the Theorem [3.20] the decompositions
‘/2n+1 ® %m—l—l = ‘/2(n+m)+2 DD ‘/2(m—n)

only contain simple sly(C)-modules with p =0 mod 2.
U

Lemma 3.23. Let g be a Lie algebra with Levi decomposition given by
g =sl(C) x b. If b = b, then the radical b is abelian. In particular,
g 1s not sympathetic.

Proof. Combining Lemma with Schur’s Lemma we conclude
that any bilinear sly(C)-equivariant morphism I': Vo, ® Vo1 —
Voii1 is trivial. In particular, the Lie bracket [, ]: V, ® Vi, — b is
zero for every n,m € {ny,...,nx}. By Proposition B9, g is not a
sympathetic Lie algebra.

L]

Corollary 3.24. Let g be a Lie algebra with Levi decomposition g =
slh(C)x b and b = B2 @ bt If b0 C Z(h), then g is not a sympathetic
Lie algebra.
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Proof. From Clebsh-Gordan’s Theorem follows that [h, h] C Z(b).
By Proposition [3.9 g is not a sympathetic Lie algebra.
O

Corollary 3.25. Let g be a sympathetic Lie algebra with Levi decom-
position given by g = sly(C) x b and withh =V, &V, &V, & Vi and
Z(h) =Vi. Thenn=m=p=k =0 mod 2. Furthermore, in each
case of Proposition [3.17 the following additional conclusions hold.

(1) p=k =2 mod 4,

(2) k=2 mod 4,

(3) p=k =2 mod 4,

(4) k=2 mod 4,

(5) p=k =2 mod 4.
Proof. The fact that n = m = p = k = 0 mod 2 follows directly by

applying Lemma [3.22] on each of the possible multiplicative structures
of h from Proposition B.17

To prove the remaining statements, it is sufficient to observe that if
two simple sly(C)-modules V,., V; satisfy V, = [V;, V] then the skew-
symmetry of the Lie bracket implies that V, C A2?(V;). Using the
decomposition from Theorem [B.20, we conclude that »r =2 mod 4.

O

Corollary 3.26. Let g be a sympathetic Lie algebra with Levi decom-
position given by g = sly(C) x b, such thath =V, &V, &V, ®Vj, and
Z(h) = Vi. Then dimg = 2N + 1.

Proposition 3.27. Let g be a sympathetic Lie algebra with Levi decom-
position given by g = sly(C) x h. Suppose that h =V, & V,, &V, ® Vi,
as an sly(C)-module, and that Z(h) = Vi, where n,m,p,k € N. If
dim(g) < 25 then one of the following cases must necessarily hold:

e the multiplication is given by one of the tables 1-6 and (n,m,p, k)
equals one of

(4,4,2,6), (4,6,2,6), (6,4,2,6), (4,4,6,2), (6,4,6,2), (4,6,6,2),
(2,2,2,2),(2,4,2,2), (4,2,2,2), (4,4,2,2)

e the multiplication is given by one of the tables 2,3,5 and (n, m, p, k)
equals one of

(4,4,4,6),(2,2,4,2), (2,4,4,2),(2,6,4,2), (4,2,4,2), (4,4,4,2),
(4,6,4,2), (6,2,4,2), (6,4,4,2), (6,6,4,2)
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e the multiplication is given by one of the tables 4,5,6 and (n,m,p, k)
equals one of
(4,2,6,2),(4,6,2,2)
e the multiplication is given by one of the tables 4,5 and (n,m, p, k)
equals one of
(6,2,6,2),(8,2,6,2)

e the multiplication is given by table 2 and (n,m,p, k) equals one
of
(4,2,4,6), (6,2,4,6), (4,2,6,6)

e the multiplication is given by table 5 and (n,m,p, k) equals one
of
(6,2,8,2),(4,8,4,2).

Proof. Using the parity of n,m, k,p found in Corollary .25, we write
n = 2a, m = 2b, p = 2c and k = 4d + 2. Recall that the possible
multiplicative structure of § is one of the tables in Proposition [3.17.
Notice that dim(g) = 2(a+b+c+2d)+9 < 25 if and only if a+b+c+2d <
8.

We only give the proof for d > 1 as the case d = 0 is very similar. By
Clebsh-Gordan theorem, Vg0 C Vo ® V5. In each of the above tables
we see that Vigio = [Vag, Vao| and hence a > 2 or ¢ > 2. Similarly, in
tables 1,3.4,5,6,

Viare = [Vap, Vai]

and therefore b > 2. In particular, a + b + ¢ > 5. Further, in table 2
Vidia = [V2a, V2a] and Vidia = [V2b, Vzc]

and so a+b+c > 5 in this case too. Since we require a+b+c+2d < 8

then d = 1 and hence

(3) 5<a+b+c<6.

In tables 1,4,6, ¢ = 1 mod 2 since [Va,, V4] = Vo.. By similar argu-
ments to before, ¢ > 3 and [Va,, Vau| = Vo imply @ > 2 and a+b+c > 7.
Hence ¢ = 1 so that Equation (3)) is satisfied. Since [Va,, Va.| = Vg, then
a > 2. Then we have a,b > 2, ¢ =1 and d = 1. In this case, the only
possibilities for h are

Multiplications 1,4,6, d = 1
alblcld]h=Vo® Vo @ Voo ® Viars | dim(g)
212|111 VioVioV,d Vg 23
21311 VioVed Vo ® Vg 25
312111 Ved Vi d Vo ® Vg 25
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Using the same arguments than before in tables 3 and 5, we obtain
a,b > 2. Therefore, the a, b, c that satisfy Equation (3] are

Multiplications 3,5, d =1
alblcld|h=Va® Vo ® Voo © Viar | dim(g)
21211 VieV, eV, d Vs 23
213|111 VioVedVoad Vg 25
312|111 Ve Vi Va® Vs 25
212)2]1 VieV, e VoV 25

For Table 2, we previously showed that a > 2 and either b > 2 or ¢ > 2.
In this case, the possible a,b, ¢, d are

Multiplication 2, d = 1
alblcld]h=Vo® Vo @ Vo ® Viars | dim(g)
212|111 VieVie Vad Vg 23
21311 VioVed Vo ® Vg 25
312]1]1 Ve®Vi® Vo ® Vg 25
212)12]1 VieVie V.o Vg 25
2111271 VieVad V,d Vg 23
311121 Ve®Voa® V@ Vg 25
21113]1 VioVad Ve Vs 25

O

Remark 3.28. Notice that any sly(C)-module h =V, & V,,, &V, ® Vi,
with any choice of multiplicative structure in Proposition [3.17, is an
algebra but not necessarily a Lie algebra.

For the analysis of the remaining cases, we use Lemma[3.29to show that
most of the cases from Proposition [3.27] are not Lie algebras. Indeed,
given a fixed value of (n,m,p, k), we consider the associated vector
space h and make a choice of gr-equivariant morphisms between the
simple modules of h which is compatible with the respective multipli-
cation prescribed in Proposition B.27l Recall from Remark [B.4] that in
order to show that f with a prescribed multiplicative structure is not
a Lie algebra, it is necessary to prove that after any non-zero rescaling
of these morphisms, f does not satisfy the Jacobi identity. In other
words, it is necessary to show that any algebra in the family resulting
from the non trivial rescalings does not satisfy the Jacobi identity. The
following Lemma gives us a criterion to show no element of the family
is a Lie algebra.

Lemma 3.29. Let gy, be a simple Lie algebra and b =V, & --- DV,
be a gr-module with V,; simple. For every 1 <1 < j <k, suppose that
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there is 1 < p < k and a gr,-equivariant morphism
P .
Ll i Vo, @V, = Vi,

such that T}, is skew-symmetric. Consider the resulting algebra g =
g % b, which product [,] is constructed from the I'} ;.
Suppose that

(1) there exist a,b,c € g, such that
[a,[b,d]] = [b,]c;a]] =0 and  [¢a,b]] #0,
(2) or, there exist 1 <i,j <k and a,b € V,, c €V, such that
la, [b, c]] + [b,[c,a]] #0 and ¢, [a, b]] =0,
(3) or there exist 1 <i <k and a,b,c € V,,, that do not satisfy the
Jacobi identity.

Then any algebra g = g1, X b obtained from non-zero rescaling Pf,j does
not satisfy the Jacobi identity.

Proof. The proof of Item [ is straightforward. Let i, j and a, b, c as in
Item 2l The equation

0=lc,[a,b]] = Fg,m(c ® Fﬁ,n(a, b))

is homogeneous and therefore satisfied by any rescaling of I'7 |, T'F .
Similarly, by definition of [ , | we have that

[a, [b, c]] + b, [c,a]] = T3, . (a @T7, (b, ) = I3, (bR T, . (a, )
= Ffz,r (a ® F;,m(a C) -b® F;,m(a7 C)) )

s
n,r’

is also homogeneous with respect to I'
when rescaling.
The proof of Item [ is very similar. U

I'7 . and therefore non-zero

Applying the previous lemma to each of the cases listed in Proposi-
tion [3.27] we obtain the following.

Corollary 3.30. Suppose g = sly(C) X b is an algebra where b =
Vo ® V., @V, ® Vy is one of the algebras listed in the conclusion of
Proposition [3.27. If g is a Lie algebra then one of the following cases
must necessarily hold

(1) the algebra structure of b is given by table 5 and (n,m,p, k) =
(2,6,4,2), or,

(2) the algebra structure of b is given by table 6 and (n,m, k,p) =
(6,4,6,2),(2,2,2,2) or (2,4,2,2).
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Proposition 3.31. Suppose g = slo(C) X h is an algebra where h =
Vo ® Vi, @V, ® Vi is one of the algebras listed in the conclusion of
Proposition [3.27. The following algebras admit outer derivations.
(1) the multiplication of b is given by table 6 and (n,m,p, k) =
(2,2,2,2),(2,4,2,2),
(2) the multiplication of b is given by table 5 and (n,m,p, k) =
(2,6,4,2).

Theorem 3.32. Let g = g1, X b be a sympathetic, non semisimple Lie
algebra, with simple Levi subalgebra gr, and b =V,, ®V,, @V, d V4, as
a gr-module. Then dim(g) > 25. Moreover, dim(g) = 25 if and only
Zf (n> m,p, k) = (6> 4a 67 2) and gL = 5[2(((:)

Theorem 3.33. Let g = g1, X b be a sympathetic, non semisimple Lie
algebra, with simple Levi subalgebra gr,. Then dim(g) > 15.

Proof. The case g, # sl3(C) is an immediate consequence of Theo-
rem 3.I8

Suppose g, = sl3(C) and set h =V, & ... & V,,,. By Theorem B.13|
s(g) = k > 4. Theorem gives us the bound for the case s(g) = 4.
Assume that s(g) = k > 5. Since g is sympathetic, Lemma
implies that n; > 1 for at least one ¢ = 1,..., k. In fact, there exist at
least two i, j such that n;,n; > 1. Otherwise, using the notation from
Lemma B.22 either h® = Z(h) or g admits an outer derivation similar
to those we constructed before. In consequence, we get the required
bound

O

Theorem 3.34. Let g be a perfect Lie algebra with Levi decomposition
g =sl(C) x h and Z(g) = 0. Suppose thath =V, &V, &V, & Vi,
Z(h) = Vi, as sly(C)-modules, where n,m,p,k € N. If dim(g) < 25
then g is not a sympathetic Lie algebra.

4. APPENDIX: ALGORITHMIC CONSTRUCTION AND VERIFICATION
OF SYMPATHETIC LIE ALGEBRAS

In this section we include the algorithms that we use to construct
and verify particular cases of Lie algebras with Levi subalgebra g; =
sl5(C). Our Python implementation of these algorithms can be found
in https://github.com/winsy17/Sympathetic_Lie_Algebras.


https://github.com/winsy17/Sympathetic_Lie_Algebras
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4.1. Algorithm to construct simple sl;(C)-submodules of V,, ®
Vin. This algorithm takes integers n > m > 0 and k as input, and
returns a basis of V, as a simple submodule of V,, ® V,,,. We require
k=n+m —2r for some 0 < r < m, in order to guarantee that V} is a
simple submodule of V,, ® V,,, (see Theorem B.20).

We use the notation e; © f; to indicate an element of the basis of the
respective vector space V,,@V,,, S*(V,,) or A*(V,,). In the case of S?(V,,),
when ¢ # j, weuse e; ©e; = ¢, ®e; +¢e; ®e; and e; ©e; = € X ;.
For A?(V,,) we use the standard basis e; ® ¢; = ¢; ® e; — €; ® ¢;, where
1<i<y<n.

Algorithm 1 Finding a basis of V}, as a submodule of V,, ® V;,,, S*(V;,)
or A%(V,).

1: Input: n > m, k, corresponding to V,,, V., Vi;
2: Output: Basis of V}, from decompositions Theorem [B.20, Corol-
lary B.21]
Wi ={e:© fj: (pn ® pp)(H)(e; © f) = k- (e; © f;)}
Wera = 1600 ;5 (0 ® pu)(H)(es © ;) = (k +2) - (e ® £;))
if Wk+2 = @ then
U < Wk
else
U < Ker(pn X pm)(E)|Wk
end if |
10: B:={(pn @ p)? (F)(ug) : = 0,..., k}
11: return B

4.2. Algorithm to construct sl (C)-equivariant morphisms. This
algorithm receives integers n > m and k as input. If V} is a simple sub-
module of V,, ® V,,,, then the algorithm returns a matrix corresponding
to a non trivial equivariant morphism thm: V,®V,, = Vi. Otherwise,
it returns the zero matrix.

We use [A] to denote the matrix which rows are the elements of an
ordered basis A; O, ; the zero matrix of dimension 7 x s. In steps [[3H2]]
we construct the matrix I of dimension (n+1)(m+1) x (k+1). With
the exception of an identity submatrix of dimension (k+1)x (k+1), the
matrix / only contains zeros. These zeros correspond to the morphisms

V. s V.oV, S W

when r # k and
Vi = V@V, S 1.
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Algorithm 2 Constructing an sly(C)-equivariant morphism I': V,, ®

Vin

1:
2:

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:

Input: n > m, k, corresponding to V,,, V,,,, Vi
Output: Matrix associated to I' in terms of the standard basis of
V,® V.

if V is not a simple submodule of V,, ® V,,, then
return Q1) (4 1)(m+1)

end if

if n=m and 2n — kK = 0mod 4 then
W = S2(V,)

else if n =m and 2n + 2 — k = Omod 4 then
W = A%(V},)

else
W=V,V,

end if

B=0,1=]

for all V, simple submodules of W do
B =BU {u, p(F)(ur),...,p"(F)(u)}
if r # k then

I =14 [Ops141]
else
[=1+ [Idk+1,k+1]

end if

end for

=[B "I

if W=V,®V,, then
return [’

else if W = S%(V,) then

return Extension of I' to V,, ® V,, as a symmetric function.
else

return Extension of I' to V,, ® V,,, as an antisymmetric function.
end if

To reduce the number of calculations when n = m, we use the fact that
r:v,®V, — Vi is either symmetric or skew-symmetric, depending
only on 2n — k mod 4. Therefore we restrict our construction of I' to
the corresponding subspace S?(V,,) or A*(V,,) and extend to V,,®V,, by
symmetry or antisymmetry, see Steps [ {111

A further optimisation of our algorithm is our implementation of step
22 In order to calculate [B]™', we order the basis B by decreasing
weights to obtain a block matrix and then calculate the inverses of
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each block. With this process we invert n + m + 1 blocks of size at
most (m + 1) x (m + 1) instead of inverting the full matrix, which has
size (n+1)(m+1)x (n+1)(m+1). This gives a significant improvement
in complexity. Indeed, when using the Gauss-Jordan algorithm, which
has complexity O(N?) on the size of the matrix, our optimisation leads
to a complexity of O(m3n) in contrast to the direct calculation that
has complexity O(m?®n?).

4.3. Algorithm to calculate Der(g). The input for this algorithm is
the set of adjoint matrices of the basis of g and its output is a matrix
containing a basis of Der(g).

Let ey,...,e, be a basis for g and ad,, the associated adjoint to e;. A
linear map D: g — g is a derivation if and only if D = (d,5)1<rs<n
satisfies

Doad,,(e;) = [D(e;), 5] + ad,, oD(e;)

= Z dilex, €j] + ade, oD(e;)
k=1

= Z dy; ade, (e;) + ad., oD(e;)
k=1
for every 1 < i,57 < n. This identity is equivalent to equality of linear
operators

Doad., =Y di;ad,, +ad,, oD,
k=1

for all 1 <7 < n. Using the adjoint matrices as an input, the above
identities allow us to define a system of linear equations, where D
is the unknown. We then use the isomorphism C" x C" ~ C™ to
obtain a basis for the space of solutions of D. That is, we obtain a
set of generators of the vector space Der(g) and as a consequence, its
dimension.

4.4. Algorithm to verify if a vector space is a Lie algebra. Given
candidate structure constants as input, this algorithm verifies if these
are the structure constants of a Lie algebra. That is, it checks the
Jacobi identity.

Using candidate structure constants [e;,e;] = >, cirep for 1 < i <
Jj < n, we first construct associated adjoint matrices ad., using the
antisymmetry of a Lie bracket. In our code we verify if the identity

adp, ;] = ade, oad,; —ad,; oad,,
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holds for every 1 <i < j <n.

4.5. The sympathetic Lie algebra of dimension 25. In this sec-
tion we present how our algorithms construct, in practice, the isomor-
phisms given by the Weyl and Clebsh-Gordan theorems and Schur’s
lemma. We work with a concrete example: Benayadi’s 25-dimensional
sympathetic Lie algebra.

Consider the vector space Vg, generated by {eg, e1, ..., e}, and its cor-
responding representation pg : slh(C) — gl(Vs), defined in Proposi-
tion 3.191 By Corollary 3.21] we have a decomposition

A*(Vg) ~ Vig & Vs @ Va. (1)

In order to define an sly(C)-equivariant morphism between A?(Vj) and
Vs, we use that

Hom,y, (o) (A*(Ve), Vo) =~ Homgp, o) (Vio @ Vo @ Va, V)
~ Homg, ¢y (Vio, Vs) ® Homgy, o) (Vs, Vo)
@ Homygy, o) (Va, Vo)
From Schur’s Lemma, it follows that
Homygy, ) (Vio, Vs) = Homgy,cy(Va, V) = 0,
and hence
Hom,y, ¢y (A*(Vg), Vo) ~ Homgy,(c) (Vs Vs) (2).

In order to construct this morphism, it is necessary to obtain the ex-
plicit decomposition from eq. (1), which can be achieved using stan-
dard representation theory: find a basis of highest weight vectors of
Ker(ﬁﬁ(E)), where pAG = P6 (029 P6-

Define e; Ae; :==e; ® e; — e; ® e;. A straightforward calculation shows
Lemma 4.1. dim Ker(ps(E)) = 3, and, Ker(ps(E)) = (e A e, —eg A
es + 2e1 A eg,3eg A es — Heyp A ey + Geg A es).

Corollary 4.2. Let ujg := eg A ey, ug := —eg A eg + 2e; Aey y ug :=
3eg N es — ey Aeyg + 6es Aes. Then

Vi = (uiy po(F) (wi), - -, po(F)' (i)
for i =2,6,10.

Corollary 4.3. The morphism in Eq. (2) is given by:
° ﬁG(F)j(ulo) — 0, fO’I"j =0,...,10,
o js(F)(ug) v e; for j=0,...,6,
® po(F) (ug) = 0 for j =0,1,2.
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Corollary allows us to define a skew-symmetric sly(C)-equivariant
morphism I'§ 5+ Vg x Vg — Vi. To construct T§s : Vi x Vg — Vg we
solve the linear system of equations originating from Corollary B.21l
For example, it is easy to verify the identities

Ug = —60/\€3+2€1/\€2, and ﬁG(F)z(U10> =egNes+ e Nes.

Thus
—60/\63—|—261/\62>—)60, eg Nes+eg ANey— 0

In terms of I'§ ¢ this is equivalent to:

—Fgﬁ(eo, e3) + QFgﬁ(el, e2) = eg
Ig6(eo,e3) + Tggler, e2) = 0.

From these equations one can easily obtain I'¢ 4(eo, e3) v T¢g(e1, e2).
Moreover,

Lemma 4.4. Up to scalar multiples, the only skew-symmetric sly(C)-
equivariant morphism I'¢ s - Vg X Vi — Vg is given by:

6
66 €0 €1 e e3 €4 es €g

(&h) 0 0 O —€p —261 —262 —e€3

€1 0 €0 €1 0 —E€3 —€4
€9 0 e es 0  —es
es 0 es es —eég
€4 0 266 0
€x 0 0
€ 0

Analogously, we conclude that Homg, ¢y (A*Vs, V) ~ Homyg, ) (Va, V2)
and obtain:

Lemma 4.5. Up to scalar multiples, the only bilinear, skew-symmetric
sly(C)-equivariant morphism I ¢ - Vo X Vo — Vo == (fo, f1, f2) is given
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2
F6,6 €p €1 €2 €3 €4 €5 €g

eec 0 0 0 O O fo 3hA

ey 0 0 0 —fo —2fi 3fs
e 0 fo fi —5fa 0
€3 0 6fs 0 0
€4 0 0 0
es 0 0
g 0

Lemma 4.6. Up to scalar multiples, there is a unique bilinear sly(C)-
equivariant morphism I'g 4 = Vs x Vi — Vo = (go, 91, g2) and it is given
by:

e o h K h h

€0 0 0 0 0 g0
€1 0 0 0 —g90 91
ez 0 0 g —201 G2
es 0  —go 31 —3g2 O
€4 g0 —4g1 62 0 O
es bgr —10g, 0 0 0
e 195G 0 0 0 0

One can then extend I'f, to a unique bilinear skew-symmetric and
5y (C)-equivariant morphism

F?6,4) (Vs @ Vi) x (Vs @ Vi) — Vo,
by defining

F%6,4)|V6><V6 =0, 1—‘?6,4)|V4><V4 =0,
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and
F%6,4)|V6><V4 = F§,4 F%6,4)|V4><V6 = _F(25,4a
where
F%GA) (u, w) := _F(23,4(w7 u),

foru e Vy, w € V.

Lemma 4.7. Up to scalar multiples, the only skew-symmetric sly(C)-
equivariant morphism F421A Vi x Vy — V4 is given by:

FZA ey €1 €y €3 €4
eec 0 0 0 —fy —2fi

e1 0 fo fi —2f

e 0 3f 0
€3 0 0
€4 0

We modified the notation used in Benayadi’s original construction, [3].
Here V5 = D(3), Vs = D(2) and V5, = D(1).

As a vector space, g = sl(C) @ Vs & Vy & Vs @ Vs and so dim(g) = 25.
The algebra structure of g is then defined as:

[> ]Q 5[2((:) V61 Vi V62 Vs

sl(C) [ ]su(o Pe P4 Pe P2
Ve, Iee T84 Toe O
Vi I3, 0 0
Ve, 0 0
Va 0

Here I'y , + Vo X V, — V. denotes the unique, up to scalar multiples,
bilinear sly(C)-equivariant morphism obtained from Schur’s Lemma.
For example, I'{ ¢ is defined by Lemma[4land we are using the notation
Vs, to indicate that projection is onto the second copy of V.
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Using the algorithm Section 4.1l we are able to explicitly calculate basis
for A2V and A%V, and therefore establish Lemma 4] Lemma F.6),
Lemma

Given the structure constants that we obtained, the algorithm in Sec-
tion [4.4] then verifies that g is indeed a 25-dimensional Lie algebra.

Finally, we use the algorithm [4.3] to explicitly calculate Der(g) and ob-
tain its dimension dim¢ Der(g) = 25. In this case we know 0 = Z(g) =
Ker(ad,) and so dimc ad(g) = 25. Since dim¢ Der(g) = dimc ad(g), we
can conclude:

Proposition 4.8. Let g be as in the previous construction. Then,

(1) Z(g) = {0},
(2) 9= g, 9],
(3) Der(g) = ad(g).

That is, g is a sympathetic Lie algebra.

Proof. Notice that by construction (2) [sly(C),V;] = V; and therefore
g=lo:0l- 0
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